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Inverse Determination of Thermal Conductivity
for One-Dimensional Problems

Tung T. Lam* and Wing K. Yeungt
The Aerospace Corporation, El Segundo, California 90245-4691

Two finite difference procedures are presented for the inverse determination of the thermal conductivity in
a one-dimensional heat conduction domain. The thermal conductivity is reconstructed from the inverse analysis
based on the assumption that the temperature measurements are either available continuously over the entire
domain or at discrete grid points. The convergence and stability of the computational algorithms are investigated.
It is concluded that both procedures are first-order accurate methods. A comparison of the exact thermal
conductivity with the one estimated was made to confirm the validity of the numerical procedures. The close
agreement between the two results confirms that the proposed finite difference techniques are effective procedures
for the inverse determination of thermal conductivity in a one-dimensional heat conduction domain. The methods
are applicable for linear and nonlinear spatially- as well as temperature-dependent thermal conductivities.
Additionally, the special feature of the present techniques is that a priori knowledge of the functional form for

the thermal conductivity is not mandatory.

Nomenclature

arbitrary constant

function defined by Eq. (10)

function defined at the boundary

function defined by Eq. (10)

heat generation, W/m?

thermal conductivity, W/m-°C

initial thermal conductivity calculated at d7/dx
0 in the discrete formulation, W/m-°C

initial thermal conductivity calculated at a7 /ox
0 in the continuous formulation, W/m-°C

heat flux, W/m?

temperature, °C

time, s

selected time in the continuous formulation, s
selected time in the discrete formulation, s
spatial coordinate, m

spatial coordinate where 47 /dx
discrete formulation, m

spatial coordinate where a7/dx
continuous formulation, m
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Introduction

IDE attention has been devoted to materials research
in the past decade due to technological advancement.
Advanced materials with low weight or the ability to withstand
high temperatures are actively being developed in the nuclear,
electronics, and aerospace industries. The determination of
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material thermophysical properties for these materials is es-
sential in many thermal management system analyses. An
increasing effort has been devoted to expand our knowledge
on material properties.' ® Specifically, an accurate prediction
of thermal conductivity is imperative to achieve an optimal
thermal control system.

Inverse determination of the thermal conductivity from
measured temperature data has been the topic of research by
many investigators.* ¥ Most of these studies employed the
least-squares method to estimate the thermal conductivity in
heat conduction problems. For more details on this technique,
readers should refer to Refs. 9-12.

Previously, most studies assumed that the thermal conduc-
tivity is only a function of the spatial coordinate.” '7 How-
ever, thermal conductivities are temperature-dependent quan-
tities in most practical engineering applications.' Alifanov
and Mikhailov'” developed a solution to the nonlinear inverse
thermal conductivity problem by applying the conjugate
gradient method. In a recent study, Tervola® presented a
numerical method to determine the nonlinear thermal con-
ductivity of a homogenous material from measured temper-
ature profiles. The problem was formulated as an optimization
problem where the heat conduction equation was written as
a constraint. [t was then solved with the Davidon-Fletcher—
Powell method.”'> Additionally, the heat equation was solved
iteratively by a finite element technique with the predictor-
corrector method. More recently, Ouyang> performed a pa-
rameter estimation of the thermal conductivities by using the
least-squares technique coupled with a finite element for-
mulation. Both of these studies assumed that thermal con-
ductivity 1s a function of temperature.

The aim of this article is to study the feasibility of using
finite difference techniques to determine the thermal con-
ductivity in a heat conduction domain. The thermal conduc-
tivity is assumed to be either a function of the spatial coor-
dinate or temperature. In addition, it also assumes that the
temperature measurement is known everywhere or at discrete
grid points in the defined domain. In the past. most of the
studies employed an optimization technique to obtain a least-
square approximation of the conductivity function. In this
study, two efficient finite difference procedures are developed
to discretize the heat conduction equation. This converts the
governing partial differential equation into two initial value
problems. As a result, the conductivity function can be re-
covered by solving those two initial value problems. The ad-
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vantage ot this approach is that no prior information is re-
quired on the functional form for the unknown thermal
conductivity.

Several heat conduction problems have been tested with
the techniques for spatially and temperature-dependent ther-
mal conductivities. The parameter estimation problem can be
either linear or nonlinear. The estimated thermal conductiv-
ities are verified by comparing with the exact forms to confirm
the validity of the methods. Furthermore, the order of ac-
curacy of the two numerical procedures is discussed. The
convergence and stability of the numerical procedures are also
addressed.

One-Dimensional Heat Conduction Equation

To illustrate the basic concepts associated with the proposed
finite difference procedures for the inverse determination of
the thermal conductivity for a heat-conduction system, a one-
dimensional (0 = x = 1), time-dependent nonhomogeneous
problem with heat generation is studied in this article. Figure
1 depicts the region of the problem under consideration. The
medium is initially at a temperature f,,(x). For times ¢ > 0,
the boundaries at x = 0 and x = 1 are subjected to a set
of boundary conditions (B.C.) of the region R, where R =
{(x, 1): 0 < x < 1, t > 0}. Everything outside of the region
is assumed to be at zero temperature. In addition, the product
of the material density and heat capacity is considered as
unity. The general one-dimensional heat-conduction equation
can be stated as

ar(x.t) 8 L dTxL 0|
ar ax [k()" D = 80.1)
in0<x<l, t>0 (D

Subject to the following initial condition (I.C.):
Tx,0)=f,(x) for 0=x=1 (2)

and general boundary conditions:

Boundary condition of the first kind

T(x.t) =f(t) at x=0 or x =1 for r>0 (3a)

The temperature is prescribed along the boundary surface,
which is a function of time for a general case.

Boundary condition of the second kind

oT (x, t .
%z)‘,(r) at x=0 or x=1 for +>0 (3b)
[¢
This boundary condition prescribes the applied heat flux at
the boundary surface.

Boundary condition of the third kind

k(x.

0Dy e =

at x =0 or x=1 for r>90 (3c)

This boundary condition specifies heat dissipation by con-
vection on a surface to a surrounding environment at zero
temperature that varies with time along the surface.

The main purpose of this study is to determine the con-
ductivity, k(x, t), at any point within the domain R = {(x,
1): 0 <x <1, 1> 0}, with the assumption that the temperature
T(x. t) is known over the entire domain or at discrete grid
points.
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R; = {(x,t): 0sx<1, t=0}
Fig. 1 Region of one-dimensional heat-conduction probiem.

Inverse Determination of Thermal Conductivity

In this section, a brief discussion of the requirements that
lead to a unique solution of the inverse heat conduction prob-
lem is first addressed. A numerical procedure based on the
assumption that the temperature T(x, f) is known over the
entire domain is then formulated for the determination of the
thermal conductivity. A second finite difference procedure is
also presented for the recovery of the thermal conductivity
based on the knowledge of the temperature T'(x, 1) at discrete
grid points.

Necessary Condition for the Uniqueness of Thermal Conductivity
Throughout this section, the temperature T'(x, 1} is assumed
known over the entire domain. As a result, derivatives of the
temperature, 7 /dx, 9°T/dx>, and aT/dt can also be calculated
based on the available temperature profile. The general one-
dimensional heat conduction Eq. (1) can be rewritten as

4 9T )|
&[k().t)46X ] =

Consider the above partial differential equation at + = 7, the
nonhomogeneous ordinary differential equation takes the form:

aT(x, 1)

P glx, t) (4)

T (x. §)
o

AT 1 )] — g ) )
ax ’

d N
a [k(x, I‘)

The general solution of the nonhomogeneous ordinary dif-
ferential equation s the sum of the particular solution of the
nonhomogeneous equation and the general solution of the
homogeneous equation. Hence. let us focus only on the ho-
mogeneous case, i.€.,

9 [k(x, 7) M} =0 (6)
ax oax
This implies
K(x. 1) "—’T(;;‘ D_¢ 7

where C is an arbitrary constant. If the term T (x, f)/ox is
nonzero over the entire interval [, 1], one can rewrite Eq.
(7) as

k(x.7) = C/M (8)
ax

Since C is an arbitrary constant, this implies that there are
infinitely many solutions for the homogeneous Eq. (6). More-
over, the implication is that the nonhomogeneous ordinary
differential Eq. (5) also has infinitely many solutions. As a
reminder, the aforementioned formulation is based on the
assumption that only the temperature profile is known over
the entire domain of interest.
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Based on the above discussion, a necessary condition for
having a unique solution k(x. r) of the ordinary differential
Eq. (5) can be stated as follows:

There exists x, in the interval [0, 1]. such that

()T(jh,. 1) -0 ©)
ax

Furthermore, the unique solution of the nonhomogeneous

ordinary differential Eq. (5) also requires the introduction of

the following definition:

A function F(x) [e.g.. F(x) = oT(x, #}/ax] is said to have
a zero (or root) of order 1 at x, if F(x) can be written as

F(x) = (x = x,)G(x) (10)
where G(x) is a function and G(x,) # 0. This definition
implies that if F(x) has a zero of order | at x,, then F'(x,)
# 0. The application of this property can be found in the
next section for a unique solution of the ordinary differential
Eq. (5).

As a reminder, the above discussion is based on the as-
sumption that only the temperature profile is known over the
entire domain of interest. However, this constraint can be
relaxed if both temperature data and surface heat flux at either
boundary are known. The constant C in Eq. (8) can be re-
placed by the surface heat flux. Equation (9) can then be
eliminated as the necessary condition to obtain a unique so-
lution.

Continuous Formulation

The feasibility of using a finite difference technique to de-
termine the thermal conductivity from the temperature profile
of the governing Eq. (1) is examined in this section. At { =
1, the corresponding governing equation can be expanded as

aT(x, 1) ok(x, i 9*T(x, i .

( ) (' ), '(’ )~k(x,r)

dx ox x-

aT(x, )

:T—g(x,f) (1

Suppose 4T (x. F)/ax is nonzero over [0, 1], except at x, has
a zero of order | where () = x, = I, then we have

2T (x,. 1) L. aT(x,. 1) .

PPE k(xg, f) = ot g(xq. 1) (12)

Since 82T (x,. I)/ax> # 0, one can compute k at (x,, 7) as

k(o ) = [M - r>]/’——”x—9 (13)

at ax?

At this point. one may use the point x, to divide the original
interval [0, 1]into two subintervals [0, x,] and [x,. 1]. Applying
any stiff ordinary differential equation solver (e.g., backward
Euler's method) to the nonhomogeneous ordinary differential
Eq. (11) over the subinterval [x,,, 1] with the initial condition
specified by Eq. (13), one can approximate k(x, 7) over the
subinterval [x,. 1]. Subsequently, we can apply the same stiff
ordinary differential equation solver to the nonhomogeneous
ordinary differential Eq. (11) over the subinterval [0, x,] with
the same initial condition (i.e.. solving the ordinary differ-
ential equation backward in x) to obtain an approximation of
k(x. 7) over the subinterval [0, x,].

In order to demonstrate how the approximation works, the
backward Euler’s method is applied to the differential Eq.
(11) over the subinterval [x,, 1]. First, we discretize the in-
terval [x,, 1] with mesh width Ax and grid points x, = x, +
n-Ax(n=12,... . N,and N-Ax = | — x,). Then we use
k. to denote the initial value of the thermal conductivity eval-

>

uated at (x,. 7), and k, for the approximated value of k at
(x,.7).wheren = 1,2.. ... Nand N-Ax = | — x,. Once
the value of k, ((n = 1,2, ..., N)is available, then we
can proceed to compute &,,. The idea of the backward Euler’s
method is to evaluate the ordinary differential equation at the
point (x,. 7) and use backward differencing to approximate
ak/ax at (x,. 7). Based on the aforementioned discussion, it
yields the following:

0T, B) hy — k, , | *T(x,. 7)
: + -k
ax Ax ax? “
aT(x,. ) .
= —glx,. 1) (14)
at
Thus
k= L
& T(x,. 1)
T
1 + Ax- LA
oT(x,. 1)
ax
Ax oT(x,. ) .
X )k + p “ — g(x,. t 15
o T [ g, )] (15)
ax

For simplicity, suppose we also discretize the interval [0, x]
with mesh Ax and grid points x , = x, — n-Ax (where n =
L2, .. M. and M-Ax = x,). Let k _, denote the approx-
imated value of k at (x ,. [). one can obtain the following
approximation for the ordinary differential Eq. (11) over the
subinterval [0, x,]

1

T . 1)
ax >

aT(x . 1)

ax

Ax ,:8T(x D
) -

-1 + Ax

ot

—glx . f)]

Q[
\3
—_
B3
~

(16)

The above discussion is based on the assumption that only
the temperature profile is known. However. if we also know
the heat flux ¢ at the point (x,, 7), we can easily compute the
initial thermal conductivity k at this location as

kx,, f) = (]/—(’)T(f““‘ 2 (17)

ox

instead of using Eq. (13).

In an experimental apparatus to measure thermal conduc-
tivity. the boundary heat flux is often generated by dissipation
of electrical power in a resistor. By measuring the voltage
and current at the surface, the initial thermal conductivity &,
can be calculated from the Fourier heat conduction equation
by expressing the heat flux as the product of the voitage and
current.

Computational Algorithm— Contintous Formulation

In summary. the thermal conductivity can be calculated by
solving the inverse heat conduction at 1 = 7. with the as-
sumption that 7'(x, ) is known over the entire domain. The
calculation procedure is comprised of the following steps:
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1) If 6T (x, 7)/ox has a zero of order 1 at x,,, where x,, € [0,

1]. then
| aT(x. D) . 0> T(x,. 1) .
k, = [ o 8(xo, [):|/ ax2 (18a)
otherwise
aT(x,. 1)
ky, = —_— 18
=4 / o (18b)
2YForn =1.,2,... N, where N-Ax = | — x,, compute
1
k, = >
" T (x,, {)
DA —2
Y AT )
[
Ax aT(x,. [) .
X )k + ; “ - i 1
no A (’)T(.X”, 1) |: (»” g(xu )] ( 9)
ox
NForn=1.2...., M. where M-Ax = x,, compute
- 1
" a*T(x . 1)
ax’
-1 + Ax+ ———
aT(x ,.1)
x
Ax aT(x . 1) .
x ) —k + - — - i
wl aT(x .. 1) [ o glx )jl

dx
(20)

Then we have the approximated value for the thermal con-
ductivity at 1 = 7.

Discrete Formulation

In this section, another numerical procedure based on dis-
crete temperatures is presented for the inverse determination
of the thermal conductivity. We discretize the entire domain
{(x, r}:x € [0, 1] and 1 € [0, =)} with mesh width Ax and As,
grid points x; = j-Ax (wherej = 0,1,. .., Nand N-Ax =
Iyandt, = i-At (i = 0, 1, 2, .. .). The present procedure
will drop the assumption that the temperature T'(x, t) is known
over the entire domain as mentioned in the previous section.
Instead, it only assumes the temperature 7'(x, r) is known at
those grid points. Suppose one is interested in recovering the
conductivity k(x, ) at t = ¢, , the basic requirement is that
the temperature measurements of 7T'(x, f) att = t, and t =
f;, . must be available. Once this condition has been satisfied,
one can approximate a7 (x,, £ )or (j = 0,1, ..., N) by
forward differencing. In addition, we can use central differ-
encing to approximate aT(x;, , Yox and &°T(x,, t; )/ox? for j
=1,2,...,N — 1. At the boundary, i.e.,j = Oandj =
N, one can use forward and backward differencing, respec-
tively, to approximate a7 (x;, ; )/ax and 9°T(x,, ; }/ax*. As a
result of these calculations, all the approximated coefficients
of the nonhomogeneous ordinary differential Eq. (11) are
available at the grid points. Furthermore, suppose there exists
an integer M where 0 < M < N, such that the approximated
dT (xy. £, Yx = 0 and the approximated 8°T'(x,,, t, Yox* +
0. (The exact criterion for determining x,, can be found in
the Computational Algorithm—Discrete Formulation sec-
tion). Now, one can approximate k,, by using Eq. (18a) with

i replaced by t;,» and the subscript 0 replaced by M. Also,
aT/ot and 9°T/9°x at (x,, t; ) are the approximated values.

By knowing k,,, a path similar to the continuous solution
is followed and the original problem is broken into two or-
dinary differential equations. Denote k; as the approximated
value of k at (x,, £, ), we can then use Eq. (19) to recover k;
forj =M + 1,..., Nand Eq. (20) to recover k; for j =
M-1,...,0.

Similar to the continuous case, the above discussion is based
on the assumption that only the temperature profile is known.
However, if we also know the heat flux ¢ at the point (x,,,
f;,). we can easily compute the initial thermal conductivity &
at this particular location. (In practice, the heat flux ¢ can
only be measured at the boundary, e.g., x,, = O orx,, = 1).

Computational Algorithm— Discrete Formulation

The numerical procedure for the determination of the ther-
mal conductivity is summarized below. We are interested in
solving the inverse heat conduction at + = ¢, with the as-
sumption that T(x, t) is known only at the grid points. The
algorithm consists of the following steps:

1) For n = N, compute

Ty t,) Ty ty0) = T 1)

21
at At 1)
AT (xw. t T(xn. t,) — Txa 101,
¢ (“"N ,(,) _ (xn ,”) (xn “) (22)
ax Ax
("—:7:(«\’,\- fi“) - T(xn. f“,) —2T(xn o, ’/[,) + T(xy o [i',)
dx? B Ax?
(23)
2} For n = 0. compute
('—)T(Xm 6} T(xg. t,,00) — Tx 1)
1 — {0 {0 24
at At 24)
aT(xy. t,)  T(x. ) — T(xe. t,)
1) — [ 1) 25
ax Ax (25)
ﬁ(«"n« ,i,) T(x5. 1) — 2T (x,, ’f”) + T(xq. ’:“)
e : : (26)
ax- Ax?
3)Forn =1...., N — 1, compute
aT(x,. 1) T, 6,,,) — Tk, 1)
() — 1] 1) 27
at At 27)
oT(x,. t,) T, . 1) — T(x, 1)
1 — 1] [ 28
ax 2Ax (28)
a°T(x, 5,) _ Tlx,  6,) = 2T(x, 6) + Tlx, . t,)
x> B Ax?
(29)
4) Forn =1,.... N — 1: If aT(x,. £;,)/ox = 0 and

aTlx,. 1, Yox> # 0.ie.. T(x,, .t ) — Tk, .1,) = 0and
T(x, ;) — 2T, 1) + Tx t,,) # 0. Then x,, =

non

x, and
a_T(X . tf<|) (T’Z_T(XM’ ti()
ky = |: :t[ = 8(Xs [m)}/ ax? ) (30a)
If such n does not exist, then \
ﬁ(xM’ t)
k. = —_ 7 o 30b
M C]/ ox (30b)

where ¢ is the known heat flux at (x,,, £, ).



LAM AND YEUNG: DETERMINATION OF CONDUCTIVITY 339

—_

ax >
P A T

ox

A.x 5T(xln til,)
+ =

T T, ) |

ax

X k — g(x,, t:',)]
(31)
6) Forn = M —1,...,0, compute

1
" W(X”, ti(,)

ax?
—h A W(x”, l‘i“)
ax _
Ax (:)T(X“, ti“)
aT(x,, 1) at

ax

X _k/1+l+

- g(xna ti(,):l

(32)

Then we have an approximated value for the thermal con-
ductivity at ¢ = £,

In the discrete case, the exact value of dT/dx is not available.
Therefore, we use finite differencing to approximate the tem-
perature gradients a7/dx and 82T/dx> (refer to item 4 for
details). It can easily be shown that

aT(xy, ;) 9T(a, 1)
ax ox

o) ()

where « is the root of 9T (x, £, )/dx. We conclude that the error
associated with x,, caused by interpolating the temperature
gradients is G(Ax?).

Stability and Accuracy of the Numerical Procedures

Understanding and controlling the numerical error is es-
sential for a successful solution of the finite difference equa-
tion. In this section, the choice of using the backward Euler’s
method is first addressed. The stability and accuracy require-
ments that lead to the convergence of the numerical proce-
dures are then discussed.

Method of Solution

For both the continuous and discrete formulations, we as-
sume 47 /6x has a zero of order 1 at (x,, 7) or (x,, f, ), re-
spectively. Let us concentrate on the continuous case in the
following discussion. It has been proven previously that one
can solve for the conductivity at the point (x,, ) based on
this information. Additionally, due to the selection of x,, and
the breakup of the interval [0, 1], we have two initial value
problems over the intervals [0, x,] and [x,, 1]. Currently, there
are many ordinary differential equation solvers™ available to
solve such problems. The backward Euler’s method is chosen
in this study for the following reasons:

1) Easy to implement: the backward Euler’s method is one
of the simplest methods available for stiff problems.

2) A-Stable numerical scheme: a desirable property for the
convergence of the numerical procedure.

3) Practicality: in reality, one may not be able to use too
many temperature sensors during the experiment. As a result,
Ax cannot be too small. Usually, ordinary differential equa-
tion solvers are very sensitive to the mesh size Ax. However,
using the backward Euler’s method will reduce the sensitivity.

Stability Analysis—Continuous Case

First, let us address the order of accuracy of the numerical
procedure for the continuous case. Since we use the exact
value of aT/dt and 9°T/9x in Eq. (18) to compute k,, the
initial value in this case does not generate any error. In fact,
the error for the numerical procedure only comes from the
backward Euler's method. Let k(x,, f) be the true conduc-
tivity, then the local truncation error (LTE) for the conduc-
tivity is

aT(x,, , 2
LTE = T (x,, 1) (k(x,, 1) — k(x,_,, D]
ox .
al 7 n 8T 5 f
+ M k(x,, P)-Ax — T 1) g
dax - ot
+ g(xn’ f).Ax
_ dT(fC,n f) |:8k(,Y,,, f) CAx + @(sz):l
dx ox
a*T(x,, I : 2
ST D e, byar - T Dy
ax? o
+ glx,, 1)-Ax
_ (‘)T(.'X,,, [) . dk(X,,, t) “Ax + @(sz)
ax ax
+Lx:’t)_k(x”’ f)'AX_MAX
dx? o
+ gx,, 1) Ax

This shows the order of accuracy of the numerical procedure
for the continuous case is 1 and the local truncation error is
O(Ax?). Tt is well-known that the backward Euler’s method
is A-stable and consistent (Ref. 24, Chap. 11); implying con-
vergence for the continuous case.

Stability Analysis—Discrete Case

For this case, the discussion will focus on the interval [x,,,
1]. A similar argument for the order of accuracy on the in-
terval [0, x,,] is also applied. By using the forward difference
and central difference schemes to approximate the temper-
ature derivatives ¢7/dt and 927/9°x, these two terms take the
forms:

aT (xn, ti(,) _ T(xy, t,(,+|) = Ty, ti“)
ot a At

+0(A)  (35)

FT(xy, f:.,) _ T(Xpr01s ti,,) = 2T (xp, t:(.) + TOrp_ s til,)
ax? B Ax?
+ G(Ax?) (36)

By substituting into Eq. (30a), one can obtain

AT (xy 1
T ) Gar) ~ goer,)
kM - (”ZT(XM, Ii ) N
I (A
dax~
AT (xp, ;)
Pt e,
TG 1) + 6(An) + O(x?)  (37)
dx?



340 LAM AND YEUNG: DETERMINATION OF CONDUCTIVITY

This implies k(xy, ;) — ky = O(At) + 6(Ax?). If we let
Ar = Ax?, one can show that the truncation error for the
initial value is O(Ax?).

For M < n < N, we use forward difference to approximate
dT/ot, and central difference to approximate 87/dx and 927/
dx*. These temperature derivatives can be expressed by the
following finite difference equations:

dT(X”, l”) . T(xu’ Il|,+l)
a Ar

T(X”, t“)

+ 6(A1)  (38)

aT(X/:" Ii”) _ T(xu+|3 ti“) T(xu 1s l“)

pre AT + 6(Ax?)  (39)

°T (. ) T, 0, 6,) =2T(x,, 6,) + T(x,., )
ax? B Ax?
+ G(Ax?) (40)

Let k(x,, #; ) be the true conductivity at the location (x,, £, ).
Then the LTE for the conductivity is

aT(x,. t; )
LTE = | ———== + 0(A) | [k(x,. £;,) = k(x,1, 1,)]
d T( /I’ I)
+ _——X—” + O(Ax ) k(xl’ ’n) AX
[aT(x,., 6;,)
- —ML + O(At) |-Ax + g(x,, t;) - Ax
(‘)T(x“, i ) ak(xn’ I )
= | —— + G(Ax?) Ax- —— + G(Ax?)
| ox ax
(")ZT(XH, ri )
Ax- ————= -k(x,. 1;,) + O(Ax?)
x> N
aT(x,, 1;)

—Ax- B + O(Ar-Ax) + glx,, 1) Ax

aT(xn’ l“) dk(xus l“)

= Ax- + O(Ax?)
dax ax
a*T(x,, ;)
+ Axs ————— k(x,, 1) + O(Ax7)
ax? 0
aT (x,. fil,)

—Avs = O(AAY) + g(x,, 1) A
= G(Ax?) + O(Ar-Ax) ()

If we let Ar = Ax? in Eq. (41), then the LTE = OG(Ax?).
Note that in the process of the derivation above, the LTE has
been multiplied by the mesh size Ax. This implies the order
of accuracy of the numerical procedure for the interior points
x, (M < n < N)is first order.

For n = N, we use forward difference to approximate 47/
at, and backward ditference to approximate 07/dx and 4T/
dx>. As a result, it yields the following finite difference equa-
tions for the temperature derivatives:

aT(xn. 1;,) T(xn tiye ) — Tlen, 1)
o= . =+ O(At 42
o A (ar)  (42)
T (xy, ’i“) T(xy, li(,) = T(xy_1 ti“) .
p = A + 0(Ax) (43)

3T (xy, ;) _ T(xn, 1) — 2T (xy . 1) + Tlxn.o, L)
ax? B Ax?
+ O(Ax) 44

Let k(x, 1, ) be the true conductivity at the location (Xns 1)
Then the LTE is

oT >
LTE = [“%Q + O(AX):| [k(xN’ t"u) - k(fol’ ti”)]
*T(xn,
N M 4 O(Ax):| k(x, 1) Ax
| x>
[6T (xn. t,
- _(x(;\r’_“) + @(At)} Ax + glxy, 1;)-Ax
0T (xnn 1, ok(xy, &
_ [T ) @'(Ax)] [Ax Wl ), @(Mz)}
] ax ax
°T (xn, 1
+ Ax- M k( Xno tln) + @(sz)
ax?
aT (xy, 1,
- Ax- _%Nf—) + O AY) + g(xy, 1) Ax
aT(xn. 1) Ok(xy. 1
A (x'N W (x'N D) O(Ax?)
dx ax
a°T » b
+ Ax- i,\:'L) k(e 1,) + O(Ax?)
ax-
0T (xns 1)
—Ax- ——(ﬁ*—” + @(At AX) + g(xN’ t’n) Ax
= O(Ax?) + O(Ar-Ax) (“5)

This implies the order of accuracy for the end point is also
first-order since the LTE has been multiplied by the mesh
size Ax in the derivation. Hence, the numerical procedure has
first-order accuracy in the interval [x,, 1]. A similar statement
is true for the interval [x,, 1]. Since the ordinary differential
equation is linear, the discrete case is convergent.

Numerical Experiments

To show the applicability of the proposed finite difference
approximation procedures for the inverse determination of
the thermal conductivity in a one-dimensional heat conduc-
tion domain, three distinct example problems were solved.
Examples include constant, spatially dependent, or temper-
ature dependent quantities that are reconstructed from avail-
able continuous or discrete temperature measurement data.
The algorithms were programmed in Fortran 77, and the nu-
merical results were obtained in double-precision arithmetic.
Computations were performed using a SUN Sparc10 Work-
station.

The exact temperature and thermal conductivity used in
the following examples are preselected profiles such that these
functions satisty the governing heat conduction equation and
the boundary conditions as well as the initial condition. The
simulated temperature data are generated from the prese-
lected temperature profiles. The numerical procedure will be
tested by computing the thermal conductivity from these pre-
selected temperatures. The accuracy of the procedure will be
assessed by comparing the calculated results with the prese-
lected thermal conductivity profiles.

Continuous Case

The following three examples illustrate the application of
the proposed numerical procedure based on the computa-
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tional algorithm given by Egs. (18-20) for the continuous
formulation. The calculations are performed assuming the

temperature profiles are available over the entire domain, 0
=x=1

Example Cl—Constant Thermal Conductivity

Asslab, 0 = x = 1, isinitially at temperature T(x) = sin(7rx).
For time ¢ > 0, the boundaries (at x = 0 and x = 1) are kept
at zero temperatures. The mathematical formulation of this
problem is given as

in 0<x<l, t>0 (46a)
BC.T|,. =0, >0 (46b)
T|.., =0, >0 (46¢)
LC. T, = sin(mx), O=x=1  (46d)

Heat generation
gx.1) =0 (46e)

The exact solutions for the temperature distribution and ther-
mal conductivity in the slab are

T(x, 1) = e " sin(mx) (46f)
k(x, 1) =2 (46g)

To determine the thermal conductivity the spatial interval
0 = x = lis divided into N = 10 intervals. The iteration step
corresponds to a mesh size of Ax = 0.1. The initial value for
the thermal conductivity was evaluated at the location x =
0.5, where the condition d7/0x = 01is satisfied. The numerical
results of the thermal conductivities are tabulated in Table 1
for time ¢+ = 0.2. Clearly, the results from the present study
are in excellent agreement with the exact solutions. The so-
lutions obtained by using Ax = 0.1 are exactly the same as
the exact solution.

Example C2—Spatially-Dependent Thermal Conductivity

Asslab. 0 = x = 1, is initially at zero temperature. For time
t > 0, heat is generated in the solid at a variable rate of g(x,
1), the boundaries at x = 0 and x = | are subjected to time-
varied temperatures T(r) = 0.36f¢ ‘and T(r) = 0.16te *,

Table 1 Estimated thermal conductivities
for example C1 with iteration step

Ax = 0.1
k

Exact Present
x solution study
0.0 2.0000 2.0000
0.1 2.0000 2.0000
0.2 2.0000 2.0000
0.3 2.0000 2.0000
0.4 2.0000 2.0000
0.5 2.0000 2.0000
0.6 2.0000 2.0000

0.7 2.0000

0.8 2.0000

0.9 2.0000

1.0 2.0000

Maximum —_
error

2.0000
2.0000
2.00600
2.0000
0.0000

Table 2 Estimated thermal conductivities for example C2
with iterations N = 10, 20, and 40 at f = 0.2

k
Present study

Exact Ax = Ax = Ax =
X solution 0.100 0.050 0.025
0.0 1.1744 1.1542 1.1641 1.1692
0.1 1.2130 1.1927 1.2027 1.2079
0.2 1.2402 1.2227 1.2314 1.2358
0.3 1.2500 1.2375 1.2437 1.2469
0.4 1.2402 1.2334 1.2368 1.2385
0.5 1.2130 1.2108 1.2119 1.2125
0.6 1.1744 1.1744 1.1744 1.1744
0.7 1.1318 1.1320 1.1319 1.1319
08 1.0920 1.0942 1.0931 1.0925
0.9 1.0592 1.0641 1.0617 1.0605
1.0 1.0352 1.0425 1.0389 1.0371
Maximum —_— 0.0204 0.0105 0.0053

error

respectively. The mathematical formulation of this problem
is given as

M 2 ke D)

or ax
in 0<x<l, t>0 (47a)
B.C.T|,., = 036te ', >0 (47b)
T\, = 0.16te ', t>0 (47¢)
1.C. T|,_, = 0, 0=x=1 (47d)

Heat generation

g 1) = (x — 0.6)(1 — e — {2 + [0.5
— 4x — 0.3)(x = 0.6)]e * Ve 1 (47e)

The exact solutions for the temperature distribution and ther-
mal conductivity in the slab are

T(x. 1) = (x — 0.6)%e (471)
k(x.t) = 1 + 0.25¢ t-o037 (47g)

To determine the thermal conductivity the spatial coordi-
nate 0 < x = 1 is divided into N = 10, 20, 40 intervals that
correspond to Ax = 0.100, 0.050, and 0.025, respectively.
The initial value for the thermal conductivity was evaluated
at x = (.6 where the condition 4T/dx = 0 is satisfied. The
results are tabulated in Table 2 for time r = 0.2. The calculated
thermal conductivities from the present study are compared
with the exact solutions. Clearly, these numerical results are
in close agreement with the existing work. By decreasing the
grid size used in the calculation, the accuracy of the approx-
imation increases. After examining the maximum errors for
various mesh sizes, one can find that the convergent rate of
the proposed numerical procedure is first order.

Example C3—Temperature-Dependent Thermal Conductivity

A slab, 0 = x = [, is initially at a temperature T(x) = cos
7(x — 0.8). For time ¢ > 0, heat is generated in the solid at
a variable rate of g(x, t). The normal derivative of temper-
ature is prescribed at the boundary x = 0, while the boundary
x = 1 dissipates heat by convection into an environment of
zero temperature. Both conditions vary with time along the
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surfaces. The mathematical formulation of this problem is

given as
aT(x, 1) a8 aT(x, 1)1
ot ax [k(x, 2 ax =8 D)
in 0<x<1, t>0 (48a)
oT >
B.C. — = me~ "' sin 0.8, t>0 (48b)
x|, _,

aT s
[5 + T]’ = [cos 0.2 — 7 sin 0.27]e ™", >0
a1

(48c)
I.C. T|,., = cos w(x — 0.8), 0=x=1 (48d)
Heat generation
glx. 1) = —m% ™ cos w(x — 0.8)
" me "' cos w(x — 0.8)
1 — e ™ cos w(x — 0.8)
me ™ sin w(x — 0.8) ’
[1 — e ™ cos w(x — 0.8)} (48¢)

The exact solutions for the temperature distribution and ther-
mal conductivity in the slab are;

T(x,t) = e ™" cos a(x — 0.8) (481)
1
k(x, 1) = T———T(—);,—I_) (48g)

Again, the spatial coordinate 0 = x = | is divided into
N = 10, 20, 40 intervals in the calculations with a spacing of
Ax = 0.100, 0.050, and 0.025, respectively. The initial value
for the thermal conductivity was evaluated at x = 0.8, where
the condition aT/dx = 0 is satisfied. The results are tabulated
in Table 3 for time ¢t = 0.2. The inverse solutions for thermal
conductivities at various times are shown in Fig. 2. The agree-
ment between the calculated and exact values is very good.

Discrete Case

In this section three examples are used to illustrate the
application of the numerical procedure based on the com-

3.0

Solid Line: Exact Solution
Dotted Line: Present Study

Ind
w

20

Thermal Conductivity, k (W/m-deg C)
s

0.0 1 : i I . i
0.0 0.2 0.4 0.6 0.8 1.0

Spatial Coordinate, x (m)}

Fig. 2 Comparison of the thermal conductivities for various time
intervals (example 3C, Ax = 0.1).
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Table 3 Estimated thermal conductivities for example C3
with iterations N = 10, 20, and 40 at ¢ = 0.2

k
Present study

Exact Ax = Ax = Ax =
X solution 0.100 0.050 0.025
0.0 0.8990 0.9019 0.9000 0.8994
0.1 0.9245 0.9214 0.9230 0.9238
0.2 0.9588 0.9523 0.9557 0.9573
0.3 1.0000 0.9911 0.9957 0.9978
0.4 1.0449 1.0347 1.0399 1.0424
0.5 1.0889 1.0790 1.0840 1.0865
0.6 1.1266 1.1186 1.1227 1.1246
0.7 1.1522 1.1477 1.1500 {1511
0.8 1.1613 1.1613 1.1613 1.1613
0.9 1.1522 1.1477 1.1500 1.1511
1.0 1.1266 1.1186 1.1227 1.1246
Maximum o 0.0101 0.0050 0.0025

error

Table 4 Estimated thermal conductivities for example D1
with iteration step Ax = 0.1

k
Present study

Exact Ax = Ax = Ax =
X solution 0.100 0.050 0.025
0.0 2.0000 1.6668 1.9085 1.9765
0.1 2.0000 1.8290 1.9555 1.9887
0.2 2.0000 1.8300 1.9555 1.9887
0.3 2.0000 1.8300 1.9555 1.9887
0.4 2.0000 1.8300 1.9555 1.9887
0.5 2.0000 1.8300 1.9555 1.9887
0.6 2.0000 1.8300 1.9555 1.9887
0.7 2.0000 1.8300 1.9555 1.9887
0.8 2.0000 1.8300 1.9555 1.9887
0.9 2.0000 1.8300 1.9555 1.9887
1.0 2.0000 1.6668 1.9085 1.9765
Maximum —_— 0.3332 0.0915 0.0235

error

putational algorithm given by Egs. (21-32) for the discrete
formulation. For convenience the example problems from the
continuous case are selected. Once the temperature data are
known at the grid points, the temperature derivatives used in
the discrete formulation are computed at these locations. Fi-
nite differences are used to approximate the temperature gra-
dients in the time and space coordinates. The significance of
this approach replaces the continuous temperature distribu-
tion with a discrete distribution. Hence, the differences be-
tween the discrete and continuous cases lie in the calculations
of the temperature gradients.

Example Di— Constant Thermal Conductivity

The physical problem is the same as example C1. We used
simulated temperature measurement data to calculate the un-
known thermal conductivity k. The temperature data are cal-
culated from Eq. (46f) for three mesh sizes, N = 10, 20, and
40 intervals. The results are tabulated in Table 4 for time ¢
= 0.2.

A comparison of the solution with the continuous case re-
veals that the error is greater in the discrete case. The error
is a consequence of estimations of the temperature deriva-
tives. The maximum error also indicated that the discrete
formulation is of order Ax. It is obvious that as the mesh size
decreases, the error is reduced and therefore the accuracy of
the approximation is increased.

Example D2— Spatially-Dependent Thermal Conductivity

This problem is the same as example C2. Here, the discrete
formulation technique is used to solve for the thermal con-
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Table S Estimated thermal conductivities for example D2
with iterations N = 10, 20, and 40 at ¢ = 0.2

k
Present study

Exact = Ax = Ax=
X solution 0.100 0.050 0.02
0.0 1.1744 1.1483 1.1626 1.1689
0.1 1.2130 1.1906 1.2022 1.2077
0.2 1.2402 1.2214 1.2311 1.2357
0.3 1.2500 1.2368 1.2436 1.2468
0.4 1.2402 1.2330 1.2367 1.2385
0.5 1.2130 1.2107 1.2119 1.2125
0.6 1.1744 1.1744 1.1744 1.1744
0.7 1.1318 1.1319 1.1319 1.1319
0.8 1.0920 1.0938 1.0930 1.0925
0.9 1.0592 1.0633 1.0615 1.0604
1.0 1.0352 1.0387 1.0380 1.0369
Maximum e 0.0262 0.0118 0.0056

error

Table 6 Estimated thermal conductivities for example D3
with iterations N = 10, 20, and 40 at t = 0.2

k
Present study

Exact Ax = Ax = =
x solution 0.10 0.050 0.025
0.0 0.8990 0.7486 0.8636 0.8908
0.1 0.9245 0.8784 0.9121 0.9210
0.2 0.9588 0.9104 0.9450 0.9546
0.3 1.0000 0.9500 0.9852 0.9952
0.4 1.0449 0.9944 1.0296 1.0398
0.5 1.0889 1.0393 1.0739 1.0839
0.6 1.1266 1.0795 1.1127 1.1221
0.7 1.1522 1.1090 1.1401 1.1486
0.8 1.1613 1.1227 1.1514 1.1588
0.9 1.1522 1.1090 1.1401 1.1486
1.0 1.1266 1.0107 1.0896 1.1155
Maximum —— 0.1503 0.0371 0.0111

error

ductivity. The temperature data at each grid point is obtained
by utilizing the exact temperature distribution, Eq. (47f). To
determine the thermal conductivity the spatial coordinate 0
= x = 1 is divided into N = 10, 20, 40 intervals. The results
are tabulated in Table 5 for time ¢ = 0.2, The results compared
very well with the exact solutions. For the same reason given
in example D1, the error is larger than the continuous case
for the same mesh size.

Example D3— Temperature-Dependent Thermal Conductivity

In this case, we consider the same problem corresponding
to example C3. The temperature measurement data are cal-
culated from Eq. (48f) for N = 10, 20, 40 intervals. The
results are tabulated in Table 6 for time f = 0.2. The inverse
solutions for thermal conductivities at various times are shown
in Fig. 3. Here, the agreement between the calculated and
exact values is very good.

Sensitivity Analysis

The simulated temperature data used in the inverse analysis
of thermal conductivity were obtained from the preselected
temperature profiles. The measured temperatures would de-
crease the accuracy of the inverse solutions. In reality, the
exact temperature inputs (7,,.) used in the above test cases
should be modified by adding random errors to simulate ex-
perimental measurements (7,,)*:

T.p = T,

exp exact

- &0 (49)

3.0
Solid Line: Exact Solution
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Fig. 3 Comparison of the thermal conductivities for various time
intervals (example 3D, Ax = 0.1).
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Fig. 4 Effect of temperature measurement error on the determination
of thermal conductivity (Ax = 0.1 and t = 0.2).

where o is the standard deviation of the measurement error
that is assumed to be the same for all measurements. For
normally distributed errors with zero mean and a 99% con-
fidence, the value of ¢ lies in the range

—2.576 < ¢ < 2.576 (50)

The product of o represents the temperature measurement
errors. In order to test the influence of the experimental errors
on the inverse analysis, the test cases previously described
will be repeated by incorporating the measurement errors in
the simulated temperature measurements. Under the most
strict conditions, the simulated temperature data (T,,,) are
generated by using Eqgs. (46f), (47f), and (48f), as well as
Eq. (49) with ¢ = 0.01(T o) max @and € = 2.576 or —2.576
in the inverse analysis. The computations are performed based
on the discrete formulation.

The effects of the inexact measurements on the inverse
analysis are shown in Fig. 4. Clearly, the estimated thermal
conductivities are in good agreement with the exact profiles.

Conclusions

Two direct finite difference procedures have been intro-
duced for the inverse determination of the thermal conduc-
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tivity in a one-dimensional heat conduction domain. The
unknown thermal conductivity is reconstructed using avail-
able temperature measurements, in the form of either con-
tinuous or discrete data. Several heat conduction problems
have been tested with the techniques. The estimated ther-
mal conductivities were verified by comparing the results
with the exact functions. The close agreement between the
two results confirms that the proposed finite difference
schemes are effective for the inverse determination of ther-
mal conductivities.

The special feature of these approaches is that no prior
information is required on the functional form of the unknown
quantity. The numerical procedures are classified as first-or-
der accurate methods. Higher-order approximations may be
needed to obtain more accurate results. Although the algo-
rithms are first-order accurate, they are useful and attractive
for heat transfer inverse analysis due to their simplicity, sta-
bility. and high speed in numerical calculations. The tech-
niques are applicable to linear and nonlinear spatially as well
as temperature-dependent thermal conductivities. Although
the present algorithms are developed for the inverse analysis
of one-dimensional heat transfer, the procedures may also be
extended to two-dimensional problems.
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